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I. INTRODUCTION
One of the striking features of relativistic nuclear collisions is copious production of light composite (d,t,...) fragments. For Ne + U at iOO MeV/nucleon, for example, up to two thirds of the protons emerge bound in light fragments in certain kinematical regions. Up to now, simplified analytical models have been used to account for composite formation.
The coalescence model is based on the intuitive assumption that if two or more nucleons emerge from the reaction region with relative momenta less than a coalescence radius 250 MeV/c, then through final state interactions they will form a bound nuclear fragment. This model predicts that the momentum distribution, of a nuclear fragment with A nucleons should be therefore proportional to the Ath power of the proton distribution. This power law has been verified experimentally for a very large class of reactions. (2) The absolute normalization of the fragment distributions cannot be calculated in this model.
Models based on assumptions of chemical and thermal equilibrium have also been proposed. These have had some difficulty in correctly predicting the shape of deuteron spectraj2) (it) Similar models have recently been used to attempt to relate the ratio of total deuteron to proton yields to properties of nuclear matter during the high temperature and density phase of the collision. An experimentally quoted (2b) ratio of u 0.3 has been interpreted as evidence of higher entropy than could be accounted for by conventional nuclear degrees of freedom alone.
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Many questions however have been raised as to whether the assumptions used in this interpretation are valid.
The normalization ambiguities in the coalescence model, difficulties in the chemical model and questions in respect to deuteron/proton yeilds have motivated us to treat composite production using more detailed and exact methods. The intranuclear cascade model is used to generate an approximation to the full density operator of the colliding system as a function of time.
The relation between this classical stochastic model and the quantum density operator is via the Wigner representation of the density as first outlined in
Ref.
6. Many versions of the cascade model exist and have been on the whole rather successful in accounting for the summed charge inclusive cross section.
We have used a version due to cugnon. The relation between the time dependent density in the Wigner representation and inclusive fragment cross-sections is essentially kinematic and can be found exactly. (6,7)
In the next section we review the derivation of the necessary formulas found in Refs. 6,7. In addition we show that the cross section is composed of two parts. The first by itself is a generalization of the coalescence model expression. For fast deuteron production (E Z 50 MeV/nucleon) we show that the second part, which is simple but more time consuming to calculate, serves as a small correction. It is ignored in the present study.
Section IV contains our numerical results compared to the data. In the last section we briefly discuss (1) total deuteron/proton yields and (2) suppression of forward protons.
Our main conclusions areas follows: (1) The cascade model plus the generalized coalescence formula agree well with fast deuteron production I . 3 data to within theoretical and experimental statistical uncertainties of order 50%.
In effect, the calculation has no free parameters. (2) The correction to the generalized coalescence term in the exact formula is small primarily because the cascade model generated no significant two body correlations on
• the order of the size of the deuteron in phase space. One corollary of this is the insensitivity of our results to approximations of the deuteron wave function. Another corollary is that it suggests the adequacy of kinetic theory approximations to the dynamics which also ignore two body correlations.
(3Y
For slower deuterons we expect the cascade code as currently implemented as well as the generalized coalescence term by itself to become inadequate. This agrees with the fact. that our agreement with data deteriorated below 50 MeV/ nucleon. (4) Evidence for both high entropy and flow effects is currently inconclusive because of possibly important contributions from production of nuclear fragments heavier than thedeuteron. These have not been measured adequately in experiment nor have they been accounted for adequately by previous theoretical 'discussions.
II. ThEORY A. Primordial Differential Yields
All information about a system can be extracted from its A-body density p(t) which satisfies Schroedinger's equation (i = 1) 1) where H is the A-body Hailtonian H=EK. + E V..
K., the kinetic energy of nucleon i and V, the interaction between i and j.
Deuteron production information can be extracted with the aid of a two body
where we take to be a momentum eigenstate of a deuteron formed from nucleons 1 and 2. Thus tr(pDp(t)), where the trace is taken over all A body coordinates, measures the inclusive probability for finding nucleons 1 and 2 in the subspace defined by p at time t. Since the trace sums over all states of the remaining particles then in particular, as t + o, this expression includes contributions from final state fragments larger than the deuteon, for example from bound states of 1, 2 and 3. As usually understood, the inclusive probability does not include such possibilities. Thus this probability is inclusive in an extended sense of the word. To distinguish it we call it primordial. When P(0) is normalized to describe one incident beam nucleus per unit area then the probability for 1 and 2 to be detected as a deuteron in the final state equals the cross-section, GD. Thus, assuming this normalization, we write GD = urn tr PDJ(t) (.i) and call this the primordial (differential with respect to 3-momentum) cross section for nucleons 1 and 2 to emerge as a deuteron. The primordial cross section is always greater than the inclusive GD and is obtained by adding to it contributions from the measured inciusive JJ3, He 3 , ... production in a manner to be discussed. The above must finally be summed over contributions from all A(A-1)/2 pairs of nucleons to be compared with experiment.
It is difficult to use Eq. (2. 1 ) directly because it requires that P(t) provide a good approximation to 2-nucleon correlations as t -' . However, the intranuclear cascade asymptotically describes only free streaming. The intranuclear cascade model can provide, at best, an approximation to p(t) only during the reaction time when many large momentum transfer collisions occur.
To overcome this we turn instead to an expression for a transition rate rD (t) which is related to the primordial cross-section via
(2.5)
A compact expression for F can now be derived using the following decompo- In order that the intranuclear cascade model be used to calculate composite particle production along.the lines indicated, these trajectories must be related to the density operator p(t). Ideally this would be done by deriving the model from the Schroedinger equation. A completely satisfying derivation is still lacking but a first step 6 suggests that the relation goes via the Wigner representation P(t) of the density as follows. Recall that the Wigner representation of any operator e.g. A(t) is related to is coordinate space representation by
Each cascade run provides the following approximation for the density matrix:
Averaging p c over many cascade runs corresponds to sampling the allowed trajectories. Therefore we approximate.the exact density matrix in the Wigner representation by 
But it is straightforward to show that 
using the notation PD ,w (t) PD,wl(t),Pl(t), 2(t)12(t)) 
Equations 2.17 and 2.18 into 2.5 yield Thus each p(t n + ) lies in some bin and one adds ---± D((t), q(t + c)) to accumulate "GD" AP for that bin. Generally P(t + will not be in the same bin as P(t -) but, because of momentum conservation between collisions, it will be in the same bin as P(tn+1 -c). Since D is generally positive this leads to important cancellations and it is useful to rewrite the series to reflect these facts as follows,
Note that in all the foregoing N, as well as {P,q,r; n = 0 ... N},vary from one cascade to another.
Before proceeding we must correct a slight discrepancy that has been allowed for simplicity to creep into the notation. It is interesting to note that this result can be viewed as a reflection of the orthogonality between bound and scattering wave functions which is preserved in this model.
We have seen that "CYD" is made up of two parts. The first, <PN> is calculated using last collision coordinates only, the second, <5p> involves all of them. Since typically there may be ".' 5 collisions/nucleon/cascade, < 5 p> could take 10 times longer to calculate than .<PN>,and it is often impractical to do this. However a previous preliminary numerical investigation of fast ((-P) 2 /2m > 50 MeV/nucleon) deuteron production from 600 MeV protons on gold showed that <SP>/<PN> " 0.01. This suggests that cancellations in the second part of are large. In the next section we study under what conditions such cancellations in <5p> can be expected to occur. We show that when <P N > is insensitive to the deuteron wavefunction, then <>"<N> << 1.
(2.29)
In that case a can be calculated from the generalized coalescence formula, < N >
C. The Generalized Coalescence Formula
The approximate deuteron Wigner density used in this investigation is that of a ground state harmonic oscillator wave-function, 2 2 22
A value of d = 1.7 fin corresponds to a r.m.s. radius of 2.1 fm. We found that varying d2 by a factor of two had no detectable effect on the calculated value of This result has significant consequences as shown below.
Let us define source distribution functions N-i 3(P;q,r)P =J dP < E (P -P)6(q -q)cS(r -AP -. n0 N-1 S (P;q,r)ip= f dP < E S(p-P)rS(q_ q)S(r -rn+1)> AP -n0 S f (P;q,r)AP = f dP <cS(P -)S(q -q)S(r -rN) > (2.30)
AP
In terms of these, the cross section into AP can be written as GD = I dqdr[D(r,q)(S(P;q,r) -S(P;q,r)) + D(r,q) S(P;q,r)] .
(2.31) S gives the number of pairs produced at P,q,r due to all collisions before the (. last,S gives the number annihilated andS f the number produced due to all last collisions. A physically reasonable S f must possess a minimum momentum scale for each P say q(P) such that for q < aP), S. varies negligibly from its value at q = 0. Our observation that I dqdr D(q,r) S f (P;q,r) did not vary with changes ind, the momentum scale in D. shows that qmjn >> c1 1 . But q(P) tells us about the range in relative momentum between nucleons of momentum -1/2 P and other nucleons in the medium in which they travel. The corresponding momentum scales in S cannot be less than q(P) because they refer to earlier (and therefore "hotter") times during the reaction. We therefore conclude that we may set q = 0 in S under the integral in Eq. 2.31 in the same limit. This causes <6p> to vanish.
An order of magnitude estimate of <ISp> can be obtained as follows.
In Eq. . 2.30 set Thus the error involved in neglecting <6p> is linked to the sensitivity of the calculation of <N> to the model deuteron Wigner distribution used.
We conclude this discussion of the validity of Eq. 2.29 by cautioning that is based on the smallness of 3Pn<pN>/9fldq2 which has been verified only for fast deuterons. This could very well break down for slower deuterons as evident from the factor (dP) ' in Eq. 2.12.
With eq. 2.29 satisfied, we obtain finally the generalized coalescence The physical interpretation of Eq. 2.46 is that the probability for n-p pairs to form deuterons is determined by their relative separation and momentum when both cease interacting with other nucleons. In this sense it is a final state interaction approximation. Last collision times tN vary over the entire history of the reaction. The familiar coalescence model 1 in which a pair is assumed to form a deuteron if q < d is corrected by the inclusion of spatial correlation effects. This and other such models are also corrected by the realization that the cross section "clD" being calculated is the primordial and not simply the observed one. Also note that there is no arbitrary freezeout time in eq. 2.116. All quantities in eq. 2.46 are determined from the dynamical cascade calculation. Finally, we emphasize that even this generalization of the coalescence formula fails in kinematic regions for which (d2PQmin)1 Z 1, as seen from eq. (2.42). A significant result of this section is the derivation of.a practical test eq. (2.45) for the validity of the generalized coalescence formula.
III. NUMERICAL RESULTS
We have performed calculations for the reactions Ne(1400 MeV/A) + U and Ar(1400 MeV/A) + Ca. Inclusive differential cross sections for 1H, 2H, 3H, 3He, He were reported for these reactions over a wide kinematic range in Ref.
8.
The sum charge inclusive yield is just the primordial proton crosssection and in the cascade model is given by
where EN = EN,i is the momentum of proton i after its last collision and the sum is over all protons. There is no term corresponding to <5p> here -it vanishes identically. This term exists only for 'composite particles. The primordial proton cross section is related to the experimental inclusive cross sections for composites y = 1H, 2H 9 3H 9 3He, He, . . . by
where Z is number of protons in y. The approximation indicated in Eq. 3.2 refers to neglect of effects of Fermi monientum'of the proton in
In Fig. 1 .A,C, the cascade model prediction of t?cy " is compared to H 14 the data calculated via Eq. 3.2 where the sum over y extends to He. For each impact. parameter b =n/10 bax 100 cascades were generated and averaged over. An important momentum shift correction, however, was applied to the direct output of the Cugnon code, Nucleons before and during the reaction find themselves in an average optical potential u -50 MeV.
They must overcome a potential on this order of magnitude to emerge unbound as a lightly bound fragments. This effect is not included in the code. To take this final state interaction into account in a simple rough way, we have distorted each final nucleon momentum P to
where V0 was varied to fit the sum charged data. A best value V 0 16 MeV was found. Without this distortion, cascade results are systematically shifted to higher energies and clearly disagree with the data,. Of course at high energies E >> V0 the shift has no effect but in the kinematic domain E < 100 MeV it is important. It is interesting that one reasonable value of V 0 leads to such an accurate reproduction of the data at all energies and angles in two rather different reactions. It should be kept clearly in mind that this procedure is a correction to the code and not to the theory discused in the previous section. The theory in section II presupposes the accuracy of the underlying cascade model.
Having used the sum charge data to determine V011 we proceed to calculate the primordial deuteron cross section. As was first pointed out in We emphasize that in comparison to thermal models where large normalization corrections must be introduced, there are no adjustable parameters in our calculation of "GD". Once the cascade model is adjusted to reproduce the sum charge data by adjusting V031 the deuteron calculation depends only on the deuteron wave funct ion.
However, as mentioned before, the results were insensitive to factor of two variations in the d2 parameter in the deuteron Wigner density D. This implies that the cascade model generates no two body correlations on the scale of the deuteron. Essentially, there are only long range 14 fm correlations due to finite size effects but on the scale of d 2 ± 1 fm the two particle density shows no significant structure. A corollary of this is that insofar as deuteron produátionis concerned, the two nucleon density can be well approximated by the product of single particle densities. This in turn accounts for the success of the coalescence model.
We have also calculated primordial proton and deuteron yields from high multiplicity selected reactions of Ne(1400 MeV/A) on U. Results are shown in Fig. 2 . Theoretically, the maximum impact parameter in Eq. 3.3 was cut to 2.1 fm in order to fit the primordial proton (i.e. sum charge) data. As Fig. 2 shows, this can be-done only for E > 50 MeV protons. The discrepancy at lower 10 energies had led to the speculation that collective flow effects, absent in present cascade codes, may be important at these low energies and impact parameters. Generally we expect deficiencies in present day cascade codes to intensify at lower energies and during denser intermediate states. This is especially clear because Of the necessity to introduce binding corrections such as eq. 3.14. The domain of applicability of this áode seems to be E > 50
MeV for central collisions and there itagrees remarkably well with thedata.
Using the same impact parameter cutoff, "aD" was calculated and is shown in Fig. 2 . The experimental "an" was calculated from Eq. 3.5 summing only for y = 2H, 3H since only these were measured for central trigger events.
Nevertheless the overall agreements again leads us to conclude that to within
• 50% accuracy the cascade model can account for composite spectra even for central collisions.
IV. DISCUSSION
We briefly discuss here the relation between our results and two topics of recent interest.
First, there is the topic of the ratio of the total primordial deuteron yield to the total primordial proton yield. Our value of this ratio, in agreement with that obtained in Ref.
9, is too high ("D"/ t'P"
5.2/6.6
as compared to the experimentally quoted(2'O) value of 0.3. However, most primordial deuterons are at low energies where the number of heavier composites becomes largest. Experimentally these are not directly observed and the extrapolation procedure from the high energy light composite spectra used to obtain the quoted value of 0.3 tends to underestimate their number. It also neglects some lighter fragments associated with the nuclear fragmentation region.
Both effects imply that the experimentally quoted ratio should be considered a lower bound. Theory also increasingly tends to be in error for low energy primordial deuterons. As mentioned already this, is due both to defects in the cascade model and to neglect of the <Sp> term in the formula for D Therefore we are not confident in assigning significance to the present discrepancy between theory andexperiment'.
Second there is the question of the suppression of forward protons in central collisions as evidence of flow effects. The phase space density in the forward direction is generally large in cascade calculations thereby increasing the probability of composite formation. If it is large enough free protons will be suppressed only because primordial protons will emerge bound in composites. That is, the free proton depletion could be caused by an enhanced composite production. Preliminary 2 H and 3H data also 
